Spiral waves in active media react to small perturbations as particle-like objects. Here we apply the asymptotic theory to the interaction of spiral waves with a localized inhomogeneity, which leads to a novel prediction: drift of the spiral rotation centre along circular orbits around the inhomogeneity. The stationary orbits have alternating stability and fixed radii, determined by the properties of the bulk medium and the type of inhomogeneity, while the drift speed along an orbit depends on the strength of the inhomogeneity. Direct simulations confirm the validity and robustness of the theoretical predictions and show that these unexpected effects should be observable in experiment. [6] , and subcellular [7] biology). In a perfectly uniform medium the core of a spiral wave may be anywhere, depending on initial conditions. However, real systems are always heterogeneous, and therefore spiral drift due to inhomogeneity is of great practical interest to applications. Understandably, such drift has been mostly studied in excitable chemical reactions and the heart, where drift due to a gradient of medium properties [8, 9] and pinning [29] (anchoring, trapping) to a localized inhomogeneity [10] [11] [12] have been observed in experiments and simulations. Interaction with localized inhomogeneity can be considered to be a particular case of the general phenomenon of vortex pinning to material defects [13] .
The interest in the dynamics of spiral waves as regimes of self-organization has considerably broadened in the last decades, as they have been found in ever more physical systems of diverse types (magnetic films [1] , liquid crystals [2] , nonlinear optics [3] , new chemical systems [4] , and in population [5] , tissue [6] , and subcellular [7] biology). In a perfectly uniform medium the core of a spiral wave may be anywhere, depending on initial conditions. However, real systems are always heterogeneous, and therefore spiral drift due to inhomogeneity is of great practical interest to applications. Understandably, such drift has been mostly studied in excitable chemical reactions and the heart, where drift due to a gradient of medium properties [8, 9] and pinning [29] (anchoring, trapping) to a localized inhomogeneity [10] [11] [12] have been observed in experiments and simulations. Interaction with localized inhomogeneity can be considered to be a particular case of the general phenomenon of vortex pinning to material defects [13] .
Here we identify a new type of spiral wave dynamics: precession around a localized inhomogeneity along a stable circular orbit. We predict this novel phenomenon theoretically, describe its key features, and confirm it by numerical simulations. We argue that this orbital movement of spiral waves is robust and prevalent, has nontrivial and surprising consequences for applications and should be directly observable in experiments.
We consider reaction-diffusion equations, which is the most popular class of models describing spiral waves:
is the dynamic vector field, r ∈ R 2 , p( r) = p 0 + p 1 ( r), |p 1 | ≪ 1, is the vector of parameters, D is diffusion matrix. For p = p 0 = const, system (1) is assumed to have spiral wave solutions rotating with angular velocity ω (taken here to be clockwise for ω > 0),
where (ρ, ϑ) are polar coordinates defined with respect to the center of rotation R = (X, Y ) T , and Φ is the initial rotation phase.
In the presense of a small perturbation p 1 ( r) = 0, the spiral's center of rotation R = X + iY is not constant but slowly evolves with the equation of motion
where ρ = ρ( r − R) and θ = ϑ( r − R) + ωτ − Φ are polar coordinates in the corotating frame of reference, and h is the perturbation to the right-hand side of Eq. (1). Function W is called the response function (RF) and defines the sensitivity of the spiral wave position with respect to perturbations in different places. Technically, W is a projector onto the eigenmode corresponding to the neutral stability with respect to spatial translations and is calculated as the eigenfunction
T , see for details [14] [15] [16] .
For an inhomogeneity h
where H() is the Heaviside step function and e ∈ R m , ||ê|| = 1, equation (3) gives
Here F is the "drift force", defined as the drift velocity per unit inhomogeneity strength β. For small R i , the expression for F simplifies to
We calculated the spiral wave solution U and the response function W using the method described in [17, 18] for the Barkley [19] 
This model is "excitable", that is, it has a unique spatially uniform steady state, stable with respect to small perturbations [20] . At the chosen parameter values, the spiral wave solutions are stable [21] . Fig. 1(a,b) shows W u and W v components and their location relative to the spiral. Fig. 1(c) shows graphs of the radial, F r (d) = Re (F (d)) (positive for attraction) and azimuthal, F a (d) = Im (F (d)) components of the drift force, for the localized inhomogeneity in parameter b, i.e. e = (0, 1, 0) T . The essence of our new finding is that there is the change of sign of radial force
This follows from the sign changes of W components as seen in fig. 1(b) . For positive β, this means attraction to inhomogeneity at small distances and repulsion at larger distances. For negative β, however, there will be a repulsion from the inhomogeneity at d < d 1 and attraction at d > d 1 , so that d = d 1 is a stable distance. The latter corresponds to the drift along an orbit of radius d 1 with the speed |βF a (d 1 )|. There is a further root of F r at d = d 2 ≈ 8.38; however, the corresponding value of F a is very small, ∼ 10 −9 , so no drift is easily observable there. starting in between will enter into an orbital motion in any case: to the outer orbit for δ ǫ < 0 and to the inner orbit for δ ǫ > 0, see fig. 4 (b) and (c).
In fig. 4(a) , root d 1 is very close to a root of F a (d), and F a (d 1 ) is very small. Thus the inner orbit is attracting for δ ǫ > 0 but the movement along it is very slow ( fig. 4(c) ) and with short observation time, it may look as if the spiral is attracted to any point at distance d 1 from the inhomogeneity and stands still there.
To conclude, we have reported a new type of interaction of spiral waves with localized inhomogeneities: orbital movement. This new interaction has key features that should be observable in experiments, namely the orbiting speed depends on the strength of the inhomogeneity, while the stationary orbit radii form a discrete set depending only on the properties of the unperturbed medium. The phenomenon is rather generic: we have found it in a number of other models and for more general shape of inhomogeneity [16] . The possibility of orbital drift, related to a change of sign of an equivalent of F r (d) was discussed at a speculative level in [22] ; how often this phenomenon may occur in reality is a more complicated question. The equivalent of response functions calculated in [23] has a structure which suggests that for large-core spirals there is an infinite set of orbits. In practice, orbital motion can only be observed for lower orbits where the orbiting speed is noticeable. The orbits have alternating stability, depending on the sign of the inhomogeneity. From this viewpoint, "pinning" as considered in [24] in the same model as here, appears as a degenerate case of orbital motion, with a zero radius.
In certain circumstances, while an orbiting spiral may have the same macroscopic signature as a meandering one [30] , the microscopic details leading to this motion are different. Meander, in the proper sense, is due to internal instabilities of a spiral wave, whereas orbital motion is due to inhomogeneity. E.g. in orbiting, the "meandering pattern" determined by Ω/ω will change depending on the inhomogeneity strength.
In heart muscle, pinning of re-entrant waves of excitation has been identified as a mechanism of conversion of ventricular fibrillation into ventricular tachycardia [25] and shown to interfere with antitachycardia pacing [26] . Orbital movement is fundamentally more general than classical pinning: in pinning, the spiral is attracted at all distances to the inhomogeneity of a certain sign, while or- fig. 2(b,c) . Shown are pieces of trajectories of the same temporal length t = 0 . . . 500.
bital movement occurs when repulsion at small distances changes to attraction at larger distances, and this can happen at various distances and at either sign of inhomogeneity. The important practical consequense of the orbital movement is that a spiral may be bound to inhomogeneities of either sign, even if it is repelled from the inhomogeneity at small distances. VNB is grateful to V.I. Krinsky for inspiring discussions regarding the problem of pinning. This study has been supported in part by EPSRC grants EP/D074789/1 and EP/D074746/1.
